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Abstract. The class of stochastic maps, that is, linear, trace-preserving, 
positive maps between the self-adjoint trace class operators of complex 
separable Hilbert spaces plays an important role in the representation 
of reversible dynamics and symmetry transformations. Here a charac- 
terization of the isometric stochastic maps is given and possible physical 
applications are indicated. 

1. Introduction 

The mathematical modehng of a quantum dynamical system is based on 
the dual concepts of states and observables. Of particular importance for 
the representation of dynamics and symmetries are structure-preserving bi- 
jective maps of the sets of states and observables, respectively. Such maps, 
referred to as afhne automorphisms of states and Jordan automorphisms of 
observables, respectively, have been quite thoroughly studied in the Hilbert 
space model ([1], for a recent systematic account, see [1]) and in the C*- 
algebraic formulation of quantum theory [7]. These automorphisms are spe- 
cial instances of the larger classes of linear isometrics acting on the state 
space and the algebra of observables, respectively, which are of interest in 
their own right. While isometries of operator algebras were analyzed by 
Kadison in 1951 [8j, applications of isometric transformations of states have 
been considered only in recent years. The characterization of the class of 
isometric state transformations in the Hilbert space model of quantum me- 
chanics is the subject of the present paper. 

The paper is organized as follows. In Section 2 the notion of a linear state 
transformation - also called stochastic map - in the Hilbert space model 
of quantum mechanics is presented and some of its basic properties are 
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reviewed. An isometric map among the stochastic maps is distinguished by 
a feature that turns out to be fundamental for the subsequent considerations: 
it sends orthogonal pairs of states to orthogonal pairs (Proposition 12. ll) . In 
Section 3 the main result (Theorem [T]) concerning isometric stochastic maps 
is stated: any stochastic isometry decomposes into a convex combination 
of pure stochastic isometrics onto mutually orthogonal ranges. In the case 
of a completely positive stochastic isometry, all these pure isometrics are 
induced by unitary maps (Theorem [2]). The decomposition of stochastic 
isometrics involves two steps (Propositions 13.31 and 13. 4p , proofs of which are 
carried out in Sections 4 and 5. In the first step one is led to introduce the 
concept of mixing isometrics (Definition [2]) , while the second step consists 
of an analysis of the structure of mixing isometrics. 

Section 6 concludes with some general observations and an outline of 
physical applications. First, a stochastic isometry is shown to allow an 
interpretation as a model of a reversible state transformation even when 
surjectivity is not given (Theorem [3]). An isometric state transformation 
leads to a reduction of the state space so that some observables and sym- 
metries can no longer be distinguished. This may be taken as a reversible 
model of structure formation. Finally, a stochastic isometry can be used in 
conjunction with a certain transformation of observables to produce equiv- 
alent descriptions of the same physical system; these occur naturally in the 
construction of extended models accounting for new experiences with the 
given system. 

2. Stochastic Maps 

Let T-L and T-L be complex separable Hilbert spaces with inner products 
(• I •), taken to be linear in the second argument and conjugate linear in 
the first. Let Bi{7i) be the complex Banach space of linear operators of 
trace class on T-L, with trace functional tr[-] and trace norm || • Its 
dual space can be identified with the Banach space B{T-L) of bounded linear 
operators on 7i. The self- adjoint parts of BiiTi) and B(7i), V := Bi(7i)s and 
W := B(7i)s, are real Banach spaces. By we denote the set of positive 
linear operators in V, the convex positive cone of V. With reference to the 
quantum physical application, V is called state space, the elements of the 
subset S := ri{p £ V : tj:[p] = 1} are called states. The set S is convex, 
its extreme points are given by the orthogonal projections of rank 1. These 
are called pure states and denoted , if £ Ti, tp ^ 0. For 71, we denote the 
corresponding entities as V, W,S, etc. A linear map T : V ^ V is called a 
stochastic map (on V) if it is positive [T(y~^) C V~^] and trace preserving 
[tr o T = tr], or equivalently, if it sends states to states [T{S) C 5]. A 
stochastic map that is isometric [||T'(p)||i = ||p||i, p € V] will be called 
stochastic isometry. 

The term operator will be used throughout to denote a linear operator. By 
and / (or /-^) we will denote the zero and identity operators, respectively. 
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According to the spectral theorem, any self-adjoint operator a admits a 
decomposition into positive and negative parts, denoted a = a+ — a_, where 
the ranges of a+,a_ are mutually orthogonal subspaces. For a bounded 



We recall some basic facts about stochastic maps and stochastic isome- 
tries. A linear map T : V ^ V is called contractive [or a contraction], if for 



Lemma 2.1. Let T : V ^ V be a linear map. The following are equivalent: 
(i) T is trace preserving and positive (i.e. a stochastic map); 
(a) T is trace preserving and contractive; 
(Hi) T{S) C S. 

The proof is a straightforward application of Eq. (j2.ip . 

Definition 1. Positive elements p,cr £ V^^\{0} are called orthogonal, p _L 
a, if p ■ a = 0. A stochastic map T : V ^ V is said to be orthogonality 
preserving if p J- a implies T{p) _L T{a) for all p,(T €z S [and thus for all 



By the spectral theorem, /) _L cr exactly when p and a are the positive 
and negative parts of p — <t, respectively. Hence we have: 



Proposition 2.1. Let T : V ^ V be a stochastic map. The following are 
equivalent: 

(i) T is an isometry; 

(a) T is orthogonality preserving; 

(Hi) T is orthogonality preserving for pairs of pure states. 
The proof is a straightforward application of Eq. (j2.2p . 

3. Stochastic Isometries 

In this section the main results concerning stochastic isometries will be 
stated. The proofs will be developed in Sections 4 and 5. 

A stochastic map is called pure if it sends pure states to pure states. 
An isometric linear or antilinear map U : % ^ % will be called unitary 
or antiunitary, respectively. We first present the known case of surjective 
stochastic isometries. 

Proposition 3.1. Let T : V ^ V be a surjective stochastic isometry. Then 
T is of the form 




P,aeV-^\{0}]. 



(2.2) 
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Proof. Noting that the inverse of a surjective stochastic isometry T is a 
trace preserving isometric map on V and hence, by Lemma [2 .11 a stochastic 
isometry, it is easy to verify that T is pure. By Theorem 2.3.1 of [5j it follows 
that T is of the form T(p) = UpU*, p £V, where U is linear or antilinear. 
Furthermore, U*U = lu since T is trace-preserving, and UU* = by 
surjectivity of T. Hence U is unitary or antiunitary. □ 

IfTi = Ti is finite dimensional then any stochastic isometry T : V ^ V is 
surjective, hence pure and of the form ()3.ip . 

An affine automorphism of the convex set of states 5 is a bijective affine 
map of S onto itself. Such maps are taken to represent symmetries on the 
set of states. Any affine map on S has a unique extension to a linear map 
on V, which is a stochastic map. An affine automorphism of S extends to 
a surjective stochastic isometry. Thus it is seen that in the case % = %, 
Proposition 13.11 reproduces the Wigner-Kadison characterization of symme- 

tries mmM- 

Proposition 3.2. Let %,% he complex separable Hilhert spaces such that 
% can he presented as a direct sum of mutually orthogonal closed suhspaces, 

n = (ef=i?ifc) ©"Ho, A^GNU{oo}, withdiuiHk = dim'H, k = l,2,--- ,N. 

Let Uk '■ T-L ^ T-Lk he unitary or antiunitary maps, wi,W2,-" ^ (0)1); 
J2k Wk = Then 

N 

(3.2) T{p) = Y,WkUkpUl, peV, 

k=l 

defines a stochastic isometry T : V ^ V . In the case N = oo, the sum 
converges in trace norm. 

Proof. The trace is a normal map and so tr[r(/3)] = J2k=i'^ki^[^k^kP\ = 
tr[p] for p ^ V, the last equality being due to U^Uk = I. Hence T is trace 
preserving. T is positive since UkpU^ E for p G V^. All : p ^ 
UkpU^ are isometric, and for p £ V, \Tk{p)\ -L |?)(/o)| ii k ^ i. Thus, 

\T{p)\ = Y.k=i'^k\Tk{p)\, and 

N N 

\\Tip)\\i = ^Wk =J2'^'' ll^lli = ll^lli • 

k=l k=l 

Convergence in trace norm follows from II tffcC/fcP [/^ II < Yl^=^ '^k \\p\\ 
and the fact that V is complete. □ 

The construction of Proposition 13.21 turns out to be generic. 
Theorem 1. Let T : V ^ V he a stochastic isometry. Then % can he de- 
composed asi-L = (^(B^^iiik^ (bHq, with dimfHk )=dim('H ), k = 1,2, ■ ■ ■ ,N< 

oo. There exist weights > 0, X^fcLi ^fe = 1j '^'^^ unitary or antiunitary 
maps Uk ■ Ti ^ Hk such that T is of the form of Eq. ( fg.^j) . 
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Theorem [T] is an immediate consequence of Propositions 13.31 and 13.41 to 
be formulated next. A concept central to the decomposition of stochastic 
isometrics is the following. 

Definition 2. A stochastic map T : V ^ V will he called (m)-mixing 
(m &N) if every pure state , (p G 'H\{0}, is sent to an m-fold degenerate 
mixture; that is: T{P^) = ^Hi^, where is an orthogonal projection of 
rank m. 

Proposition 3.3. A stochastic isometry T : V ^ V can he decomposed 
into a (a-)convex comhination of mixing stochastic isometrics with mutually 
orthogonal ranges. That is, there is a family of mixing stochastic isometrics 
Ty : y — )• y, = 1, 2, • • • , < oo and a strictly decreasing sequence of 
weights wi > W2 > ■ ■ ■ , '}2iv=i Wv = ^, such that 

N 

(3.3) Tip) = Y,w,T,{p), p^V. 

The sum converges in trace norm when N = oo. The ranges of the Ty can he 
represented as suh spaces of Bi(T-Ly)s, where the T-Ly are mutually orthogonal 
closed subspaces ofH. 

Proposition 3.4. Any m-mixing stochastic isometry T : V ^ V is of the 

form given in Equation \3.^ with N = m, Wk = 

A positive map T : Bi{'H)s — Bi{J-L)s is called completely positive if its 
canonical extension T^") : 0i3i(C"), ^ Bi{n)s(S>Bi{C'^)s is positive 

for all n S N. As a specification of Theorem [T]the following characterization 
of completely positive stochastic isometrics will be obtained. 

Theorem 2. A completely positive stochastic isometry T : V ^ V is of the 
form of Equation (3. with all Uk unitary, k = 1,2, ■ ■ ■ ,N. 

4. Decompositions of Stochastic Isometries 

For p £ BiiJ-L), a G B{J-L),we will interchangeably use the notations {p , a) 
and (a , p) for tr [/)-a] . The dual T* : B{'H)s — >• B{'H)s of a positive linear map 
T : Bi{J-L)s — Bi(7i)s is a normal positive linear map ([5], Lemma 2.2.2), 
and any normal positive linear map on B{%)s is the dual of a positive linear 
map on Bi{'H)s- T*{I) = I is equivalent to T being trace-preserving. Maps 
T on Bi{T-L)s and their dual maps T* will henceforth be understood to be 
linear without explicit mention. 

Definition 3. The support (projection) of a state p £ S, denoted n(p), is 
the smallest orthogonal projection P such that {p , P) = 1. 

In the sequel the term projection will mean orthogonal projection. We 
shall freely use properties of the complete orthocomplemented lattice of 
projections. Projections P, Q are called orthogonal, P J- Q, if PQ = 0, 
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or equivalently, P + Q<I, or P<I — Q=: Q^. The supremum of a 
family of projections P^°'\ a G A, will be denoted VaeA-^^"^- ^ot^ that 
the projections li^ introduced in Definition [2] are the support projections 

of r(p^). 

Lemma 4.1. Let T : V ^ V he a stochastic map. The following are 
equivalent: 

(i) T is isometric; 

(ii) T* (n(r(p))) = n(p) for all p e 5; 

(Hi) T* (n(T(P^)) = for all ^ G -H\{0}. 

Proof. Assume that T is a stochastic isometry. Let p £ S, then < 
T* (n(r(p))) < /, and {p, T* {Ii{T{p)))) = {Tip) , n(r(p))) = L There- 
fore, U{p) < T* (n(r(^))). We show that also T* {Ii{T{p))) < U{p), so that 
both operators are equal. 

Write Ii{p)^ = Ylk-^'Pk- Then P^^ _L n(p), and so P^p^. _L p. Since T is 
an orthogonality preserving stochastic map [by Proposition 12. Ij , it follows 
that T(P^J _L T{p). Then 

= (T(p^j , n(r(p))) = (p^, , T* (n(T(p)))). 

This gives P^^-T* (n(r(p))) = and therefore one has U{p)^-T* {U{T{p))) = 
0. Since r*(n(T(/j))) < /, it follows that T* (n{T{p))) < U{p). Thus, 

T* (n(r(p))) = uip). 

Conversely, assume (ii) holds. We show that the stochastic map T is 
orthogonality preserving and thus, by Proposition 12. 1|, an isometry. Let 
p,aGS,p±a. Then (T(p) , n{T{a))) = {p , T* (n(T(a)))) = {p , U{a)) = 
0. This implies T{p) _L T{a). 

Property (iii) is entailed by (ii). The converse implication is a fairly 
straightforward consequence of the fact that T* is normal. □ 

Lemma 4.2. Let T : V ^ V be a stochastic isometry and not pure. There 
exists a strictly decreasing sequence Wu , < Wi, < 1, v = 1,2, ■ ■ ■ ,N< oo, 
and a sequence of numbers G N such that "^^w^mu = 1 and 

N 

(4.1) T{P^) = J2^,U'; 

for all (f G 'H\{0}. Here the 11^ are projections with rankm^j . Furthermore, 

n;; ±n(; for aii^,^ (^n\{Q} ifv^p. 

Proof. For ip,'ip ^ 0, write the spectral decompositions of T{P^p), T{P^ ) as 

N M 

(4.2) T{Pp) = Y,auP^., T{P^) = Y,b,P^,, 

u=l ^=1 

respectively, where the (pi^ and V/^ form orthonormal systems, N,M € 
NU {oo}, and the ay,b^ are the nonzero eigenvalues. We show that the 
eigenvalues coincide in numerical values and multiplicities. First observe 
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that P^^ < n(T(P^)), SO that, by virtue of Lemma 021 T*{P^^ ) < P^, 
{P^ , T*{P^J) = {T{P^), P^^) = a^, and therefore 

(4.3) = a,P^. 
Similarly, 

(4.4) r*(p^j = b^p^. 

Case 1: ^ \ {<p\ip) \ 1). Take unit vectors ^',4^' in the span of <p,ip 
such that {ip\ip' ) = {Tp\tp' ) =0. Then + P<^/ = P^ + P^/ and therefore 
T{Pip) + T{P^i) = T{P^) + T{P^i). Since T is orthogonality preserving, 
this yields: 

(T(p^ )) ' = r(p^ )r(p^ ) + r(p^or(^'^ ), 

and so 

r(p^)(r(p^))' = (r(p^))V(p^), 

and hence by induction 

(4.5) (r(P^))"(r(P^))'" = (r(P^))'"(T(P^))", n,m G n. 

On multiplication of Eq. (j4.5p with P^^ from the left and with P^^ from 
the right, we obtain 

(4.6) 6>-P^^P^, =b^alP^^P^^. 
Choosing n = 2,m = 1, one concludes that 

(4.7) a,^ = b^ whenever P^^P^^ / 0. 
Applying (14. Sp again, one can write 



((r(p^))"-\r(p^)) = (r(p^), (r(p^))"-^ n>2. 



that is, by virtue of (14. 2j) . 

j;6"^-i(p^^ , r(p^)) = j;ari(r(p^), p^j. 

Observing that [by virtue of ([0]) . ()i^ ] 

(4.8) (p^^,r(p^)) = (r*(p^j,p^) = 6^(p^,p^), 

(4.9) (T(P^),P^J = (P^,T*(P^J)=a,(P^,P^), 
and using the fact that (P^ , P^) ^ 0, we obtain 

(4.10) = ' fo'^ all ^ ^ ^- 

We rewrite this, making the multiplicities explicit: thus we let ai, 02, • • • and 
61, 62, • ■ ■ denote the strictly decreasing sequences of eigenvalues of T{P^), 
T{P^), with multiplicities n,y,m^, respectively. Then Eq. (I4.10p reads: 

(4.11) ^n^al=^m^bl, for ah n e N. 
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The orthonormal systems of eigenvectors shall now be denoted ^u,i^ i^fiji 
where i G {1, • • • , }, j G {1, • • • , m^}. Now observe that due to (j4.8p . (l4.9p . 

which implies that for each u there must be /i, j such that {P^ . , Pip^^) ^ 0. 
Therefore, by ()4.7p . = b^. A similar reasoning entails that for each /x 
there must be v such that a^, =b^. Since the two sequences of eigenvalues 
are strictly decreasing, they must be identical: = 6 1,, for all values of 
u. It remains to be shown that the multiplicities coincide as well. Equation 
()4.1ip can be written as 

N 

(4.12) ^{uy -mi,)al = for ah n G N. 

v=l 

We show that X 1/ \ — fly — y — for all V — 1, • • • , N . This is obvious for 
N = 1. So let N >l. Suppose xi / 0. Then KW\ gives 

N 

= l + (a^xi)-^ Y^alx^, 



that is, 



But then 



N 

Y. 

K=2 



Ok 

ai 



1 



N 



K=2 



ai) XI 



N 



< 



K = 2 



K=2 




n 




K 


-1. 




X\ 














Xl 



--: S{n) (< oo). 



Since ai > 02 > • • • , we also have: 

N 

S{n + l) = Y, 

K = 2 



/ \ n+1 




(^) 


^ K 




Xl 



<(^| S(l) 



Hence S{n) ^ and S{n) > 1, which is a contradiction. Therefore, xi = 0. 
The argument can be repeated for X2, X3, • • • to yield Xi, = for all v. 
Note that Eq. (j4.7p also implies 

(4.13) {P^,,,P^J=0 for j^^fi. 

Finally we get, putting =Wy: 



N 



N 



(4.14) T{p^) = Y,^AY,p^.A, n^^) = E*- E^v..,: 



u=l 



vi=l 



where ^^,t(;,yn,y=l. This is of the form of Eq. (4.1), and due to (j4.13p the 
projections IIJ^, are mutually orthogonal for any 93, 7^ {{^\'4') 7^ 0) 

Case 2: ( (/? | ) = 0. Replace V by a unit vector if) in the span of 99, 
and not parallel to 99 or -(/'• Then apply the argument of Case 1 to obtain 



STOCHASTIC ISOMETRIES IN QUANTUM MECHANICS 



9 



equations (|4.14p for the pairs ^p and tp, ip. It follows that equations of this 
form also hold for orthogonal pairs i^jip- □ 

Lemma 4.3. Let T : V ^ V be a stochastic isometry. There exists a 
complete family of mutually orthogonal projections Py , v = 0, 1, • • • ,N < 
oo, Ylu=o ~ ^ ' ■5'"c/j that 

N 

(4.15) T{p) = Y,PuT{p)Py. 

For u = 1, ■ ■ ■ , N , ip & ^\{0}, let 11^ be the projections of rank ruy es- 
tablished in Lemma \4-^ Then Py = Vipe-H\{o} -'^^ /^'^ ^ ~ ' ' ' o,nd 

Proof. The projections Py are mutually orthogonal by virtue of the orthog- 
onality of all n^, n^, V ^ p. Then Pylli^ = d^yll'^^ = U^Py, and so 
PyT{P^)Py =Y,yWyIi''^= T {P ^) . contiuuity of T, this equality 
extends to all T{p), p G V. □ 

Proof of Proposition 13.31 For the Wyjmy given in Lemma 14.21 Put 
Wy = WyTUy, 3,11(1 defiue the maps Ty via 

1 

m. 



Ty{P^) := =Wy-^PyT{P^)Py, 



with the projections Pyji' = 1,2,- •• given in Lemma 14.31 Then (|4.ip 
realizes (|3.3p . and in view of (|4.15p . the maps Ty are mixing stochastic maps 
on V with ranges m'Hi{'Hy)s, Tiy = PyH. 

5. Mixing Stochastic Isometries 

We establish some properties of the m-mixing stochastic isometries which 
are instrumental in proving Proposition 13. 4[ The proof given here applies 
Hilbert space techniques and emphasizes elementary geometrical aspects, 
particularly the preservation of orthogonality. In the appendix an alternative 
proof is presented that is based on a link with Kadison's characterization of 
isometries of operator algebras. 

Lemma 5.1. Let T : V ^ V be an m-mixing stochastic isometry, with 
T{P(j,) = ^n^, G ^\{0}. Let if^ij) G G % be unit vectors. Then the 
following hold: 

(5.1) <n^ =^ T*{P^) = Ip^; 

(5.2) P^ < =^ (P^ , n^) = (P^ , P^); 

(5.3) n^n^n^ = (p^,p^)n^. 
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Proof. Let < = mT{P^). Then by Lemma SH < T*{P^) < 
r*(n<^) = P^, and therefore T*{P^) = aP^, < a < 1. Further, 1 = 
(Pg , n,^) = (r*(P^) , mP^) = a-m, hence a = ^. This proves ([5TT1 . 
Let < n^, then with = mT{P^) and ()5.ip one obtains 

(Pg , n^) = m(r*(P5), p^) = (p^ , p^), 

that is, (fOjl . 

Let {y^fcl/c = 1, • • • m}u{93^|^ E L} be an orthonormal basis of H such that 
Hip = X^fcLi P/Pfe and thus n^(^^ = for all ^. Then the only nonvanishing 
matrix elements of the (finite rank) operator H^pIl^Pyy are those obtained 
from the fk, and (j5.3p is equivalent to 

(5.4) {ipj\U^ipk) = {Pp , P^)6jk. 

For j = k one has ( | ) = (P^^^ , ), which equals (P^ , P^ ) by 

virtue of (5.2). 

For j 7^ fc, consider the unit vectors rj := {ipj + afk) /\/2, |a| = 1. We 
have Prj <Htp and therefore, by (|5.2|) . 

(5.5) (p^ , n^) = (p^ , p^). 

Now observe that for any unit vectors i^jtp, aip + hip {a,b G C), the 
projection Paip+bip can be written as 

(5.6) Paip+bip = |apP<^ + |6pP^ + a6A^^ + oft^^y,, 
where A^p^is the operator of rank one defined via 

(5.7) A^^c = ^ (^10, ee-W. 

Thus we obtain 

(5.8) Pjj = P(^j.+a</3fc)/v^2 = ^P^j + ^Pv>k + \{'^\k^j + 0.\jV>k}- 

Again by (f5?2|) . we have (P^^. , H^) = (P^^ , n^) = (P^ , P^). Then 
combining ()5.8p and (|5.5p yields 

Re {a ((^j I n^v3fc )} = 0. 

Choosing for a the values a = one concludes that {ipj in^y?^) = 0. 
Hence (j5.4p follows, and so (|5.3p is verified. □ 

Proposition 5.1. Let T : V ^ V be an m-mixing stochastic map. The 
following statements are equivalent. 

(i) T is a stochastic isometry; 

(ii) P^ < =^ T*{P^) = ^Pp for all ^ G € 7i\{0}; 

(iii) P^<Iip =^ (P5,n^) = (P^,P^)/ora//e,^,^G^\{0},ee 

^\{0}; 

(iv) li^n^Ilp = {P^ , P^)U^ for allip,tl; en\{0}. 
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Proof. According to Lemma 15.11 (i) implies each of the statements (ii) , (iii) , 
(iv). We show that each of the latter statements implies that T is orthogo- 
nality preserving for pairs of pure states, so that, by Proposition 12.11 T is a 
stochastic isometry. 

Assume (ii) holds. Let ± P^. Take ^ G ■H\{0} such that P^ < H^. 
Then 

{P^ , n^) = (P^ , mT{P^)) = {mT*{P^) , P^) = {P^ , P^) = 0. 

Hence _L 11^ . This holds for any P^ < , and therefore _L 11^ . 

Assume (iii) holds. Let P^ _L P^ . It follows that for any ^ G T-L\{0} with 
<n^, (Pg , n^,) = (P^ , P^) =0, and therefore ±U^. 

Assume (iv) holds. Let P^ _L P^. It follows that II ^ II ^ H ^ = {P ^ , P^)n^ 
0, and so II;^ _L . □ 

The following generalization of the relation ()5.3p will be crucial. 

Proposition 5.2. Let T be an m-mixing stochastic isometry. For unit 
vectors G "H, the following relation holds between the projections 

=mT{P^), =mT{P^), li^ =mT{P^): 

(5.9) n^n^n^n^ = a n(^) +an(/), 

a = {^\^) (Vlv^). 

are projections independent ofip,'d and determined solely by 
P^ . They satisfy H^^^ + nj^^ = n<^ . 

The proof will be based the study of a number of special cases and on 
exploiting the linearity of T. We note two trivial special cases: if any single 
pair among the three vectors are mutually orthogonal then the left hand 
side of Eq. (j5.9p is identically 0; and if any two of these vectors are linearly 
dependent then (15. Dh reduces to (|5.3p . 



Lemma 5.2. Let T be an m-mixing stochastic isometry. For any pair of 
mutually orthogonal unit vectors 921,992 ^T~L the following holds: 

(5.10) Tl^p^'^.^p-^-^-ilp2'^^pl+^p2'^fl ~ ~4~ ^^j^ ■ 

Here li^^ , 11^"^^ are projections satisfying ujp^ + ]l[p^^ = IIi^j . 

Proof. We note first that at this stage we do not claim the independence of 
the projections n^^n^"^^ of the choice of (/?2- This will be established in a 
later step. 

We will frequently use Eqs. (j5.2p and (15. 3p without explicit mentioning. 
Let {(pik\k = 1, • • • ,m} be an arbitrary orthonormal basis (onb) of the 
subspace II^i'H. Then, by virtue of Eq. (15. Sp . for a G C, \a\ = 1, the 
system of vectors </?2fc(«) = 211^2^(^1+0^2 V'lfc) k = 1, - ■ ■ ,m, form an onb of 
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11(^2 Furthermore, 

(5.11) = 2{U^^+U^^)U^^+ap2^ipi{<fiik) 

= '^ik + f2k{a) 

In the third line we have used the fact that 11(^^+0,(^2 -L ^<fii-aip2 (since T is 
orthogonality preserving) and that, by virtue of the linearity of T, 

and therefore 

(5-12) 11(^^+0,(^2 — -^(^1 + 11(^2 • 

Let us denote 9?2fc(l) = V2k and (p2k{i) = ^'ik- Then (15. lip entails -P<^is^+<^2fc ^ 
n(^i+<^2' a,nd so [by ([^ ] 

(5.13) {-^'f\k+'f2k 1 n</'l+jl/32) ~ {^•fi\+^P2 1 P'Pl+i'P2) ~ ill +^1 ~ 2" 

But from (j5.6p we have 

Using this to evaluate the left hand side of ()5.13p . and noting that (-P<^i^ , 11(^-^+4,^2) 
(P<^2fc ) ^ipi+iifi2) = ^) can conclude that 

(5.14) Re ( ip2k I n^i+i^aV^ifc ) = Re ( y52fc I (/?2fc ) = 0. 
Next we observe that the operator 

U '.= A (Ylip2Tl^-^^iip2^ipi) ^ip2^'pi+ip2^^Pl ~ ^'^ipi'^ipi+iip2^'P2^^pl+^p2'^V'l 

is a partial isometry that acts as a unitary operator on li^p^T-i; i.e. U*U = 
UU* = Hip. Take the ONB {(pik '■ k = 1, - ■ ■ , ni} to be a set of eigenvectors 
of this operator, Ufik = Uk^fik, \uk\ = 1. It follows that 

( '^'2k I V'2£ ) = ( '^Ik I t^y'W ) = Ukhi- 

Combining this with (j5.14p . it follows that Uk G —i} for all k. Denote 
the spectral projections of the partial isometry U associated with the eigen- 
values i, —i as , Ilvn^ respectively. Then the spectral decomposition of 
U is 

(5.15) u = ^ (ng) - n(f ) , + n(f = n,,. 

Finally we can write the operator on the left hand side of (j5.10p as 

^tpi 'Hipi+iip2'^ipi+tp2'^<fl ~ -^(^1 Hipi+iip2 (Ilipi + lll/J2) n</31+¥'2n(^i = 4(111^1+^^); 

where by virtue of (|5.15p the last expression equals the right hand side of 
(|5J0]) . □ 
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Lemma 5.3. Let dim 7^ > 2 and T : V ^ V be an m-mixing stochastic 
isometry, Lpx^ipi^^'i ^Ti. a triple of mutually orthogonal unit vectors, a,l3 € 
C, \a\ = \/3\ = l, A;,^ G {1,2,3}. Then: 

(5.16) IIip-^'\lip-^^iip2'^ipi+ip2^fl ~ ~^ ~4~'^^i^'^ 

(5.17) Illp-^Il^p-^J^a^p3^^pl+|3^p2'^iPl ~ 'g^'Pi'i 

(5.18) n^-^ Iiip^^a(f3^ipj,+i3ipe^ipi — 0; 

(5.19) Illp-^^Il^J^^i^^Il^J^^lp^'^.^p-^ = n^j^-* + -^n^j^-'. 

Proof. We do not claim here that H^'"^^ = ujp^'^\ nor that these projections 
are independent of the choice of Lp2,ip3- This will be established in a later 
step. 

Relations (j5.16p and (jS.lOp are instances of Lemma [5.2[ Due to Il^^^aifs ^ 
+ n,^3 [cf- Eq. ()5.12p ]. we have 11^^ Il^j+ai/'s ~ which proves (|5.18p . 
To verify (|5.17p . we compute: 



'Pi 



Here we have used the orthogonalities: Ht^j+ai^gll^j = ^ip3'^pi+i3ip2 =0- ^ 

Approaching the proof of Proposition 15. 2| we observe that any triple of 
pairwise independent unit vectors ip ,^,1) spans a subspace [ip, ip, •&] of Ti 
of dimension 2 or 3. We assume dim?^ > 3. As will be made evident, 
the case dim^ = 2 can be dealt with by restriction of the constructions 
to be carried out for the case dim 7^ > 2. Let ipi,ip2,^3 be three mutually 
orthogonal unit vectors such that [ip,^,'&] C [tpi, 1^2,^3] =■ K,. Then the 
nine operators A^p^^p^ [cf. (j5.7p ] form a basis of the space of operators on /C. 
By polarization, an alternative basis is given by the operators 

Ppi 1 Pip2 1 +1(32 ' Pffil +iP2 1 

(5.20) , P(^-^_(_(p3, i-*(p2_|_<^3 , P(^j_|_j(^3 , P(p2+i'P3 ■ 

We denote these P^^., k = 1, - ■ ■ , 9, in the ordering given. It follows that the 
corresponding set of projections 11^^,, k = 1, - ■ ■ ,9, i.e. 

(5.21) 11(^3, n^j^_|_^3, n^2+^3, n(^-^_|_j^3, n^2+i</J3 

forms a basis of the space of operators spanned by all 11^, if € /C\{0}. 
Proof of Proposition [5T2l Step 1. Excluding the trivial cases mentioned 
immediately after Proposition 15. 2|, we need to verify Eq. (15. 9p for any triple 
of unit vectors ipjip,!} £ Ti which are pairwise independent and nonorthog- 
onal. Consider the case dim"?^ > 3. We work with a specific choice of 
ONB {ifi, Lp2, fs} of /C, namely, = ip2 -i- ^fi such that ■0 G (p2\., and 
(/73 ± (/?2] such that 7? G , (/32 ) ^3] = K,. Using the operator bases (|5.20p 
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and ()5.2ip . and denoting these operators as P^j,,!!^^. in the order given, we 
can write 



k=l 



and 



k=l 1=1 

with all Sfcjtf G M. With this we find: 

p^p^ = (v?|i?> (^JIV') (V'k) 

4 9 

(5.22) = ^^Sfct^P^P^^P^^P^ 

fc=i ^=1 

= {siti + + + + 

+ \sztl + iss^a + ^53^4 + 353*6 + 3^3*8 

+ \s4tl + ^54*3 + ^54*4 + 554*6 + P^ ■ 

Next, applying Eqs. (|5.16|5.17|5.18p [the expression (j5.19p does not occur], 
we evaluate the corresponding sum for the left hand side of Eq. (j5.9p : 

4 9 

(5.23) n^n^n^n^ = ^^sfct^n^^n^.n^ = onj,^) +anj,f , 

k=l l=\ 

where a turns out to be the same expression as that given in the braces {• • • } 
in Eq. (fO^j) . Hence, a = ( 1 ) ( | ) ( ^ I ^ ) , and Eq. is verified. 

Note that the case dim 7^ = 2 is covered by putting = = for k > A. 

Step 2. Next we show that the spectral projections occurring in Eq. (j5.9p 
do not depend on the choice ofipj-d £ H. Note that the result of Step 1 holds 
for any choice of unit vectors •& G Ti, and thus for any choice of (^3 _L [ipi, (^2] 
in the case dim?^ > 3. The construction of II^^'*,!!^'^^ so far depends on 
the choice oi £ 7i, but only via (p2 -L ^i- In the case dim^ = 2, the 
ray orthogonal to (pi is uniquely determined by that vector, so that the 
spectral projections in Eq. (I5.23P are the same for all ip, 1?. In the case 
dim?^ > 3, we have to show that these projections are actually the same for 
all choices of unit vectors -L (fi [including ip'2 = 993, cf. Eq. (I5.19P ]. To 
this end we repeat the procedure of Step 1, this time choosing a unit vector 
(P2 -L (fi = in the plane [v?,"!?]. Then there exists a unit vector (^3 such 
that £ [V'l) </^2) V's] = ^- We obtain again a spectral decomposition of the 
form ([OS]) . 

(5.24) u^n^u^u^ = on;(^) + an'^^^\ n;(^) + n^^^^ = n^, 

for the same set of vectors if, tp, Provided that the eigenvalues 0,0 do not 
coincide, i.e. o ^ R, then the spectral projections 11' '•^^ 11' '•"^^ constructed 
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from </?i,(/'2 along the lines of the proof of Lemma 15.21 coincide with the 
projections Il[^\'n.^^^ constructed from ipi,ip2. 

We show that, given ip, -0, any -L (pi can be reaUzed with a choice of 
'd such that a = {(pi\i}) {'d\ip) {ip\ipi) ^ M. Let be any unit vector 
such that ip'2 -L (p and (p2 /-Lip- Choose i} = aiipi + a^^p'^^ with ai,a2 to 
be further specified shortly. Take a unit vector 933 orthogonal to ip\^ (p^ and 
such that -0 = /SiV'i + + /^sV's- Since (p'2 /i-ip, we have (3i / 7^ /32. We 
obtain 

a = ai{aiPi +a2/32}/5i = |aip|/3ip + aia2/32/3i- 

The first term on the right hand side is real and positive. Then a 7^ M can 
be easily achieved by proper choice of 0:1,02. Hence all choices of ip2 -L ipi, 
ip2 / ip3 lead to the same spectral decomposition in Eqs. (15.101) or (I5.16p . 
[Note that = ips would imply /32 = 0.] 

A continuity argument finally shows that the case (p2 = (/'s can be in- 
cluded, too, so that the spectral decompositions in Eqs. (j5.16p and (j5.19p 

(n) 

do indeed coincide. In fact let be a sequence of unit vectors orthogonal 
to and different from ip^, such that H^jg"^— V'sH 0. Then P („) 
converges to Pip^+aipa in trace norm. By the continuity of T, 11 („) 
converges to H^pj^+aifis in trace norm. Then 

convergence in trace norm. It follows that the first and last expressions 
coincide. This concludes Step 2. 

We introduce the following notation for the operators of Eq. (j5.9p : 



Proposition 5.3. Let T : V ^ V be an m-mixing stochastic isometry. For 
any two unit vectors ip ,x ^ one has 





'-^ip ^ "--dip ^^ip 1 



(5.25p^nWn^ = (p^,p^)nw, n^n(/)n^ = (p^ , p^)n(^^); 
(5.26) ng^)n(^^) = n(/)n(^^) = o. 



The projections 



(5.27) p(^)= V n(^^), p(^)= V n(/) 





and the ranks m^^^ , m^"^^ of the projections H ]^ , Iv^p are independent of 
(p G 'H\{0} and satisfy m^^^ + m^"^^ = m. 
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If the invariants m^^^ , m^^^ are nonzero, then T decomposes into a convex 
combination of two stochastic isometrics T^^\T^^^ with orthogonal ranges, 



(5_29) T = r^^^ + t'-^\ 

(5.30) T(^\p) = -^pWr(p)pW, r(^)(p) = -^p(^)T{p)p(^\ 



Proof. Let x £ ^ be a unit vector not orthogonal to ip, and choose any unit 

onal nor pj 



vector ip £ Ti neither orthogonal nor parallel to if, x and such that ^ 
We compute the operator HyW^ iHy in two ways, using (j5.3p and noting 



thata^^^ = a^^: 



a 



Using the fact that the map Il-^\u^n '■ — ^ orthogonality 
preserving [cf. Eq. (j5.4p ]. Eqs. (j5.25p and (|5.26p follow by application of Eq. 
(15. 2p and a version of (15. 4p . The orthogonality of p(^)^ p(^) and the relation 
(j5.28p are then obvious. 

The invariance of the numbers m^^^ , m^^^ is a consequence of the fact that 
transforms an orthogonal basis of Yl^^^T-L [11^^'''?^] onto an orthogonal 

basis oiu'-^^n [U-^x^n]. 

For (f e ^\{0} we have, by virtue of Eq. (f5?28]) : 

Due to the linearity and continuity of T this equation extends to all (a-) 
convex combinations of pure states and thus to all states p and finally to all 
of l^. □ 

Next we come to analyze the stochastic isometries T^^\ T^^\ or equiv- 
alently, the m-mixing stochastic isometries for which either m = rrS^^ or 
m = m^^\ We note that 

(5.31) Wjr^ = n^n^n^n^ = o|^n^, [casem = m(^)] 

(5.32) Wj; = n^n^n^n^ = ^n^. [case m = m(^)] 

Let T be an m-mixing stochastic isometry with m = m^^^ or m = m^^\ 
Pick an arbitrary vector (p G 'H\{0} and an orthonormal basis {(/?!, • • • , ipm} 
of U^Ti. For any ip G 'H\{0} with -ip /Lip, the set of vectors 

(5.33) Vfc := (^^ , ^v)"'/'n^V;fc 



is an orthonormal basis of H^?^, cf. Eq. (j5.4p . Moreover, for any two unit 
vectors tp,ii} not orthogonal to ip, the corresponding basis vectors ipk, '&£ are 
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mutually orthogonal \i k ^ I. In fact, due to Eqs. ()5.31|5.32p we have (~ 
denoting proportionality) 

(5.34) ( I Vfc ) ~ ( I ) = (| v^fc I vvJv' '/'^ ) ~ '^fc^- 

Proposition 5.4. Let T he an m-mixing stochastic isometry with m = 
uiiL] Qj. — 77j(^), jPix a vector G 'H\{0} and an orthonormal basis 
{ipi, ■ ■ ■ , ipm} ofYl^oH. The projections 

(5.35) Pk:= V P^,. 

are mutually orthogonal. For any tp G 7^\{0} there exists a unique ray 
P^fM, tpk £ ^ipT^, such that 

(5.36) ffcll^ = n^Pfc = P^i^, k = l,---,m. 
Then 

(5.37) Pk = V P^„ k = !,■■■ ,m, 

i>en\{0} 

and 

m 

(5.38) Y.^^ = V 

T decomposes into a convex combination of pure stochastic isometrics, 

m 

(5-39) T = J^i^T,, 

k=l 

(5.40) r,,(p) = mPkT{p)Pk. 

Hence there exist maps 11^:%^ Pk%i k = 1, - ■ ■ ,m, which are all unitary 
if m = m^^^ or all antiunitary if m = m^'^^ , such that Pk = UkU^ and 

(5.41) nip) = Ukpul, peni{n)s. 

Proof. The orthogonality of the P^ is a direct consequence of Eq. (j5.34p . 
Let "0 be a nonzero vector. If ip /-Lip^, then take ipk ~ 11^ c^^. We have 
Pil>k — Pk for all k, thus P-tp^Pk = Pii>f. and, due to the orthogonality of the 
Pk, P^.Pk = if £ / A;. We obtain P^Ii^ = PkEiP^^, = PkP^., = P^,- 
This proves ()5.36p for the case tp /^^^ ■ 

Consider the case ■0 _L 93^. We assume that are unit vectors. Define 

a sequence of unit vectors "i?*-"^ := (^)^''^ C/^" + (l — ^) i/' — )• ■0 as n — )• 00. 

We can define an onb of n^(„)'?^ as in (I5.33|) . ~ n^(n)(/7fc. Using again 

Eq. (j5.3ip . (l5.32p . it is easy to verify that for each /c, the vectors -{f^^ form 
a Cauchy sequence. Let "pk denote the limiting unit vector. We show that 
PfcH^ = P^j.. (This ensures the uniqueness of the ray -P^^..) 
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Let ^ E be any vector. One estimates 



< 2||^l")-V'.ii iieii. 



We conclude that ||^'n{n) — — )• and so ||-Pn(n) — — )• 0. We 

k k 

also have ||i'^{7i) — — )• and therefore, due to the continuity of T, 
||n^{n) — n^ll-^ — ^ and also ||Pfcn^{n) — PkU^W^ — ^ 0. But Pkll^(n) = 
P („) P^i^, and so P^n^ = P^,^. This proves ()5.36p . 

k 

The relation (I5.37P is an immediate consequence of the fact just demon- 
strated that for all ip, P^^ < P^- Finally we have {YlikPk)^-^ = and 
so < ^j^Pk- Since all P^^ < H^, the converse ordering holds as well. 
This proves ([538]). 

The maps are clearly linear and positive. We have Tk{P^) = -PfcHg = 
for all vectors ^ 7^ 0, so the Tk are trace preserving and thus pure sto- 
chastic maps. Let Vi? £ ^\{0}j with A. ^. Then 11 ^ -L Ll^ [since T 
is orthogonality preserving], and so P^^ _L P^^., that is, Tk{Pip) -L Tk{P^). 
Thus the are orthogonality preserving and therefore (pure stochastic) 
isometries. Eq. (j5.39p then follows by straightforward application of (j5.40p . 
The existence of unitary or antiunitary maps Uk satisfying ()5.4ip is a con- 
sequence of Theorem 2.3.1 of [5J [cf. Proposition 13.11 above] . 

If Uk is unitary, we find, using U^Uk = P- 

Tk{P^)Tk{Pi))Tk{P^)Tk{P^) = Uk{P^P^P^P^)U*k = a:^^Tk{P^). 

Similarly, if Uk is antiunitary, we find: 

Tk{P^)Tk{Pi))Tk{P^)Tk{P^) = Uk{P^Pi,P^P^)U*k = ^Tk{P^). 

Observing that Tk{P^) ± Ti{P^) {k / £) and = Y.Tk{P^), etc., we 
obtain: 

w/^ = n^n^n^n^ = Y,TkiP^)TkiP^)TkiP^)TkiP^) = ^akTk{P^ 

k k 

where = or = aj^ according to whether Uk is unitary or antiuni- 
tary. Comparing this with Eqs. (j5.3ip . (j5.32p . it is seen that all the Uk must 
either be simultaneously unitary or antiunitary in order to reproduce the 
right hand sides of these equations. 

From rA:(P<^) • Ti{P^) = for A; / ^, (^,-0 G ^\{0}, it follows that 
U^Ui = Skelu- Also, it is obvious that the projection UkU^ has the same 
range as Pfc, and so UkU^ = Pk- D 

Remark 5.1. The stochastic isometries T^^\ T^^^ of Proposition [531 Eq. 
()5.30p . are convex combinations of pure stochastic isometries generated by 
linear and antilinear isometries of H, respectively. This explains the use of 
the superscripts (L), (A) throughout this section. 
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Proofs of Proposition 13.41 and Theorem [T]. Proposition 13.41 is a direct 
consequence of the combination of Propositions 15.31 and 15.41 Theorem [T] is 
a direct result of the combination of Propositions 13.31 and 13. 4[ □ 
Proof of Theorem [2l Let T = Y2k '^kTk be a stochastic isometry of the 
form of Eq. ()3.2p . the being pure stochastic isometrics generated by uni- 
tary or antiunitary maps ■ T~i -^H-k- Foi" f^fc unitary (antiunitary), is 
completely positive (not completely positive). The sum of completely posi- 
tive maps is completely positive, and this extends to a-convex combinations. 
Hence T is completely positive whenever all Uk are unitary. 

Conversely, let T be completely positive. Suppose some Uk is antiunitary. 
Hence there exist unit vectors ^ €z Tik C"', S Cg) C"' for some n S N 
such that 

(5.42) ( ^ I T <Pe)^ ) = {^\Tk0 i(Pe)^ ) < 0. 

(Here i denotes the identity map on ^i(C").) The equality is due to the 
choice of ^' in the subspace T^a; ® C" and the fact that the ranges of the Ug 
are mutually orthogonal. Eq. (15.42[) contradicts the complete positivity of 
T. □ 

6. Concluding Remarks. Some Physical Applications 

Stochastic isometrics give rise to a variety of associated maps some of 
which will be briefly described here. Any linear bounded map T : Bi{'H)s 
Bi{T-L)s has a unique extension to a linear bounded map on Bi{H). This 
extension of T will be denoted T. A stochastic map T has a unique extension 
to a linear, trace preserving map on Bi{T-L). 

The extension T to Bi{H) of a pure stochastic isometry T generated by 
a unitary or antiunitary map U : Ti ^ Ti is given as follows: for p G Bi{'H), 

f{p) = UpU* if [/ is unitary; 
T{p) = Up*U* if U is antiunitary. 

Proposition 6.1. The extension T :Bi(T-L) — s- BiiTi) of a stochastic isom- 
etry T : Bi{'H)s — )• Bi{7i)s is a trace preserving isometry. Conversely, the 
restriction to Bi{T-L)s of a trace preserving isometry on Bi{Ti) is a stochastic 
isometry. 

Proof. Let T be a stochastic isometry, T its extension. That T is trace 
preserving follows trivially from the corresponding property or T. Using 
Eq. (13. 2p . one finds \T{p)\ = J2k'^k\UkpU^\ for p G Bi{'H), and so 

||r(p)||^ = tr[|r(p)|] = Y^wk \\ph = Ml- 

k 

Conversely, assume T is a trace preserving isometry on Bi{'H), and let T 
denote its restriction to Bi{'H)s. T is clearly trace preserving and isometric 
and therefore, by Lemma l2. 11 a stochastic isometry. □ 
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Proposition 6.2. Let T = Ylk'^^Tk : V ^ V he a stochastic isometry, 
with Tj. pure stochastic isometrics as in Eq. i3.2\) . Then 

T{t) := Y^^Tkir), r G ^2(^), 

k 

defines an isometry T of the Hilbert Schmidt class 82(71). 
Proof. For r € 82(71), one easily verifies that 



t{t)*t{t) = ywkn{T)*n{T) eBiin) 



k 



(where we used the orthogonahty Tk{T)*Ti{T) = 0, k ^ £), and so 

II^MG = Y.WktT[Ukr*TU*k] = \\r\\l. 
k 



Therefore, ||i?(r)||2 = ||r||2. □ 

Remark 6.1. Let T = w^Tk be a stochastic isometry, with pure stochastic 
isometric components T^, T = ^j^WkT^ its extension to Bi{'H). It follows 
that °T := ^j^. is an isometry on B{'H) and a Jordan *-isomorphism, and 
that its restriction to the orthocomplemented lattice of projections of Ti, 
V(7i), is a lattice- and ortho-isomorphism from V{T-L) onto the lattice 

Vt := {Ii{T{p)) : p(^Bi{n)s}. 

The map °T decomposes in a unique way into 

Orp Orp[L) _|_ Orp[A) 

°T^L\a) = P^^'^°T{a)P^^\ °r(^)(a) = p(^) °r(a) a e B{n), 

and °T^^^ [g a *-isomorphism [*-anti-isomorphism] of the C*-algebra 

Bin) onto the subalgebras °T^^\B{n)) ["T^^\B{U))]. This is an illustra- 
tion of the result of Kadison [8j cited in Section 1. 

Further we note that the projections p(^), p(^) are in the centre of the von 
Neumann algebra generated by °T {B{T-L)). In physical terms, they induce 
a superselection rule on the state space T{Bi{l-L)s). 

Remark 6.2. Consider a completely positive m-mixing stochastic isometry, 
T = ^E]^=iTk, with Tkip) = UkpU^, all Uk unitary (hence = m). 

The maps Uk are not uniquely determined by T, even apart from a phase 
factor, if m > 2. This is apparent from the construction of the pure isome- 
trics Tfc in Proposition 15.41 which was based on the choice of some nonzero 
vector (f^ £ and an arbitrary ONB of Il^oTi. Accordingly, it can be 
shown that if T{p) = ^ UkP = ^ X^fc VkP V^, where Vk is another set 
of unitary maps, then 

Vk = ^ikiUi, 

I 

with (7^^) a unitary m x m matrix. It is easily verified that this condition 
ensures that the Vk define the same mixing stochastic isometry as the Uk. 
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The totality of all projections Qk = VkVk thus obtained from a given set 
Uk using all unitary matrices (7^^) commute with all elements of T {BiiT-i)) 
and °r {B{H)). 

Remark 6.3. The relation 11^ 11^ 11^ = all^, valid for m-mixing stochastic 
isometrics shows that the set of projections 11 bears some fundamental 
similarities with the set of one dimensional projections. In fact pairs of 
projections satisfying such a relation (with nonzero factor a) are called iso- 
clinic; their geometric significance has been studied by von Neumann [9]. 
Note that also the projections Pk,Qe discussed in Remark 6.2 are isoclinic. 

A physically interesting feature of a stochastic isometry T lies in the fact 
that its inverse on the range T(y) can be extended to a stochastic map on 
V. 

Theorem 3. Let T : V ^ V be a stochastic isometry. The inverse : 
T(y) — )• V admits an extension to a stochastic map on V as follows. For 
T expressed in the form of Eq. i3.2^) . let Pq be the projection onto T-Lq. The 
following defines a stochastic map on V : 

N 

S{p) = Yl ^kPUk + PopPo, peV. 

k=l 

Then T~^ = S\^^^^ . 

Proof. The positivity of S is obvious. Trace preservation follows from the 
fact that UkU^ = Pk is the projection onto Tik and Xlfc^o = I-fi- 
Let p = T{a). Then, since U^Ui = Skily. and Pq pPo = 0, one has 

N N N 

S{p) = S (r(a)) = Y.Y1 ^kU*,Uk a U*^U, = Y^Wka = a = T'' (p) . 

e=i k=l k=l 

Hence 5*1^^^^ = T^-*-. □ 

This result suggests the possibility that reversible physical state changes 
are not necessarily represented by surjective, and hence pure, stochastic 
isometrics, but that a state change effected by any stochastic isometry is 
reversible: there exists a single dynamical map that sends all final states 
back to the initial states. This interpretation is further elaborated in [3j. 

Pursuing further the dynamical interpretation of stochastic isometrics, it 
may be observed that such maps induce a reduction of the symmetries of the 
physical system in question. In this sense it can be said that dynamical maps 
represented as stochastic isometrics describe the formation of structure (in 
a reversible way). According to a theorem due to Wigner, any symmetry 
operation [T], defined as an angle preserving map of the set of rays of Ti onto 
itself, is induced by a unitary or antiunitary map according to Eq. (13. Ih . For 
simplicity, we consider a completely positive stochastic isometry of the form 
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()3.2p . with all Uk unitary. Let U he a unitary symmetry operation. Then 
we compute: 

N 

T{UpU*) = Y,Wk{UkUUl)UkpUl {UkU*Ul) = UT{p)U\ 

k=l 

where 

ti = Y.UkUU*k = °T{U) 

k 

is unitary. The map U i — > U is injective. But to every U there do exist 
unitary maps V such that 

(6.1) UT{p)U* = VT{p)V* 

for all p G 1-Li{l-L). In fact, define a unitary map W = Ylk=o "^kPk, with 
= UkU^, \k G C, |Afc| = 1, such that W ^I. Let F = tjW . Then (ICTl 
holds due to the fact that W commutes with all T{p). This shows that on 
the state space T {7ii{7i)s) not all symmetries of H can be distinguished. 

There is another interpretation of a stochastic isometry T and its as- 
sociated map °T defined in Remark 6.1. These maps lead to a physically 
equivalent description of all states and observables of the given quantum sys- 
tem in the following sense: for all states p and effects a, the corresponding 
states T{p) and effects °T{a) give the same probabilities: 

{T{p),°T{a)) = {p,a). 

This observation can be elaborated into a general theory of extensions of the 
statistical description of a quantum physical system on the basis of Theorem 

m- 

Appendix A. Algebraic Proof of Proposition 13.41 

The decomposition of a mixing stochastic isometry into pure stochastic 
isometrics can be obtained by application of Kadison's work on isometrics of 
operator algebras [8], thereby bypassing the explicit geometric constructions 
of Section 5. Here we sketch the required steps. 

Let T : y — )• y be an m-mixing stochastic isometry. One first shows that 
the map °T : V ^ V ^ °T = mT extends to a linear, *-preserving, norm- 
bounded map °T:B{H) — )• B{H). This map sends projections to projections 
and is cr-ortho-additive on the set of projections. 

Following an argument of Wright [10] , °T is finally shown to be a Jordan 
*-homomorpism. 

The decomposition of °T, and hence of T, is then obtained by application 
of the arguments of Wright [10], which make use of Kadison's theorem on 
isometrics [8] in the form presented by Emch ([6], Theorem 1, p. 153). 
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